The structure of the ground spaces of quantum systems consisting of local interactions is of fundamental importance to different areas of physics. In this Letter, we present a necessary and sufficient condition for a subspace to be the ground space of a k-local Hamiltonian. Our analysis are motivated by the concept of irreducible correlations studied by [Linden et al., PRL 89, 277906] and [Zhou, PRL 101, 180505], which is in turn based on the principle of maximum entropy. It establishes a better understanding of the ground spaces of local Hamiltonians and builds an intimate link of ground spaces to the correlations of quantum states.
Traditionally, we are first given a Hamiltonian and are required to solve the system by calculating the spectrum, or most importantly, the ground energy and ground space of the Hamiltonian. One can of course take a reverse strategystart from a particular quantum state or a subspace of states of interest, and ask whether it is the ground state/space of a Hamiltonian with required properties. We provide a general approach that assists the second strategy based on a close relation between multi-party correlations and ground spaces of local Hamiltonians.
Correlations in a many-body quantum system contribute to the key factors of interesting physics, ranging from high temperature superconductivity, fractional quantum Hall effect to topological ordered spin systems. The traditional way of characterizing correlations is to use correlation functions of local physical observables. The development of information science brings the idea of quantifying correlations in term of entropy, first established by Shannon [1] .
Recent rapid progress in quantum information science [2] introduces interesting new angles of characterizing manybody correlations in quantum systems by integrating information theoretical methods. Linden et al. [3] introduced the concept of irreducible n-party correlation. This is later generalized to irreducible k-party correlation C (k) (ρ) by Zhou [4] for k = 2, . . . , n (see Eq. (1)), providing a quantum analog of the information hierarchy idea studied in [5, 6] . Their main observation is based on the principle of maximum entropy, which is first introduced by Jaynes in the study of statistical mechanics [7] .
In this work, we will not be interested in the specific values of C (k) (ρ), but in whether the correlation is zero or not. We will call a state ρ k-correlated if for all r > k, C (r) (ρ) = 0. From the maximum entropy perspective, this means that ρ has maximum entropy among all the n-particle states with the same k-particle reduced density matrices (k-RDMs) as ρ.
The fact that such a ρ contains no more information than that contained in the k-RDMs [3, 4] also legitimates the definition of k-correlatedness. We then naturally generalize the kcorrelatedness concept of states to subspaces.
The main contribution of this Letter is to give a more concrete physical meaning of k-correlatedness. We show that a subspace is k-correlated if and only if it is the ground space of a k-local Hamiltonian. Our main proof techniques involve the convex analysis and a perturbation construction of local Hamiltonians. Throughout this Letter, we focus on finite dimensional systems.
Note that we have started from two completely different motivations, one from the study of multi-party correlations of quantum states and the other from ground space of local Hamiltonians. Yet, we end up with exactly the same thing. This intriguing connection between irreducible correlation and ground spaces may lead to fruitful results in related areas.
There is an intuitive way of understanding the connection. For a k-correlated n-particle state ρ, uniquely specified by its k-RDMs and the maximum entropy principle, there exists a klocal Hamiltonian H = ∑ i H i , where each H i acts nontrivially on at most k-particles, that "recognizes" each k-RDM to make the support of ρ the ground states of H.
We note that results of k-correlated states and their Hamiltonians are scattered in the literature. Linden et al. proved that almost every three-qubit pure state is 2-correlated-they are uniquely determined by their 2-RMDs [3] . This coincides with the observation of residual entanglement for pure states which quantifies the genuine three-partite correlation [8] . It is also known that the only n-qubit states with non-zero irreducible n-party correlation are those Greenberger-HorneZeilinger (GHZ) type states [9] , that most n-particle pure states are completely determined by their RDMs of just over half of the parties [10, 11] , and that the W-type states are 2-correlated [12] . For the connection to local Hamiltonians, it was shown in [13] that W state [14] is the unique ground state of the Hamiltonian given by simple XX type ferromagnetic spin chains in a transverse magnetic field. Examples are also provided which imply ground states of two body Hamiltonians with certain symmetry are completely determined by their 2-RDMs [15] . Although both type of results are known in some very special cases, the connection between the kcorrelatedness and k-local Hamiltonian was never made very clear before this work.
In addition to giving the explicit relationship between irreducible correlations of quantum states and ground states of local Hamiltonians, we also show several related result that may be helpful when deciding whether a subspace is k-correlated or not, and if not, what is the smallest k-correlated subspace containing it. More specifically, we showed that a subspace V is k-correlated, if and only if the maximally mixed state ρ M supported on V is k-correlated. Therefore, by calculating whether ρ M equals to the maximum entropy state among all states having the same k-RDMs as ρ M , we will be able to tell whether V is k-correlated or not, and can further give the smallest k-correlated subspace containing it if V itself is not k-correlated.
Definitions.-Let D be the set of density matrices of n-
as the vector with elements being all the k-RDMs of ρ in a fixed sequence, where
. For any ρ, define a set A k (ρ) of n-particle quantum states which have the same k-RDMs as ρ,
Denote the stateρ k as the maximum entropy state among all the states in A k (ρ),
where S is the von Neumann entropy given by S(ρ) = − Tr(ρ log ρ). Note thatρ k is unique for all ρ. The irreducible k-party correlation [3, 4] is given by
A state ρ is k-correlated if C (r) (ρ) = 0 for r > k. This is easily seen to be equivalent to ρ =ρ k .
By definition, a k-correlated ρ can be constructed without ambiguity from its k-RMDs. For a pure state |ψ⟩, kcorrelatedness means that there does not exist any other nparticle state, pure or mixed, which has the same k-RDMs as |ψ⟩. In other words, |ψ⟩ is the only state consistent with the k-RDMs.
We can generalize the definition to subspaces as follows.
Definition 2. A subspace V is k-correlated if it is the support of some k-correlated state ρ.
A useful alternative definition of k-correlated subspaces is as follows. To see the equivalence of these two definitions, we need the following lemmas.
A direct calculation gives
Relative entropy S(σ 0 ∥σ 1 ) is finite if and only if supp(σ 0 ) ⊆ supp(σ 1 ) and it is continuous where it is finite. As supp(ρ 1 ) supp(ρ 0 ), we know S(ρ 1 ∥ρ 0 ) = +∞. Therefore, for x close enough to 0, we have
and f ′ (x) > 0. Therefore we can find some positive p such that f (p) > f (0), which completes our proof of this lemma.
Lemma 2. For any quantum state
ρ, supp(ρ) ⊆ supp(ρ k ).
Proof. If supp(ρ)
supp(ρ k ), Lemma 1 guarantees that there is some number p ∈ (0, 1), such that (1 − p)ρ k + pρ will have larger entropy thanρ k has. This is a contradiction with the definition ofρ k .
We are now ready to show the equivalence of Definition 2 and Definition 3. First, we prove that if V = supp(ρ), where ρ is k-correlated, then for any σ supported on V , any σ ′ ∈ A k (σ) is also supported on V . As supp(σ) ⊆ supp(ρ), we can write ρ = (1 − ϵ)σ ′′ + ϵσ for some small number ϵ, and
It is obvious thatρ ∈ A k (ρ), therefore supp(ρ) ⊆ supp(ρ) by Lemma 2 and supp(σ ′ ) ⊆ supp(ρ) ⊆ supp(ρ) = V where the first inclusion follows from Eq.(2).
Second, we show that any subspace V satisfying the condition in Definition 3 is the support of some k-correlated state. Choose any state ρ whose support is V , we have
k-correlated subspaces and ground spaces of k-local
Hamiltonians.-In this section, we prove our main theorem.
Theorem 1. A subspace V is k-correlated if and only if it is the ground space of a k-local Hamiltonian.
Our proof of the "only if" part generalizes Erdahl's proof [16] for fermionic pure states which relies on both the convex analysis [17] and a perturbation technique of Hamiltonians.
We first introduce some more notations. The set of k-RDMs
is a closed convex set. For any convex set C, a subset F is called a face on C if (1) F is a convex set, and (2) for any line segment L ⊆ C, if L intersects F at some point other than the two end points of L, then L ⊆ F [17] .
For any k-correlated V , we define a set F V ⊆ D k as follows
Note that the set F V is well-defined for any k-correlated V : if there are two states ρ 0 and ρ 1 having the same k-RDMs,
and therefore both supp(ρ j )s are subspaces of V . It then follows that the entire line segment L is in F V . By the definition of face, we conclude that F V is a face of the convex set D k for any k-correlated subspace V . For a convex set C, we define its polar cone as
The polar cone of D k is denoted as P k where, for x = (γ j ) ∈ D k and y = (H j ) ∈ P k with Hermitian H j s, ⟨x, y⟩ is defined as ∑ j Tr(H j γ j ). It is easy to see that any point
Proof of Theorem 1. We first prove the "if" part which is the easier case. Let W be the ground space of a k-local Hamiltonian H. Then for any state ρ supported on W , tr(ρH) equals to the ground energy. For any state ρ ′ having the same kRDMs as ρ, tr(ρ ′ H) also equals to the ground energy as klocal Hamiltonian only "sees" the k-RDMs of a state. Therefore, ρ ′ is also supported on W , and by Definition 3, W is k-correlated.
The "only if" part is proved as follows. For a k-correlated subspace W , we want to show that there is a k-local Hamiltonian H whose ground space is exactly W . As W is kcorrelated, F W is a face of D k on the boundary. Therefore, we can find a point 
Note that H U may not be positive semidefinite. We will prove that there is a large enough number t such that tH V + H U is positive semidefinite and the ground space has smaller dimension than V has.
Let U be ker H U . Denote λ, µ as the smallest positive eigenvalue of H V and H U respectively, and ω = ∥H U ∥ as the operator norm of H U . For any n particle state |ψ⟩, write it as
The above equation positive if ∥ψ 3 ∥ = 0. Otherwise, it is a quadratic function and is positive for large enough t. This means that the ground space of
continuing with the same procedure above will further reduce the dimension of V ∩ U which will eventually reduce the space to W .
For a pure state |ψ⟩, Theorem 1 reduces to state that if |ψ⟩ is uniquely determined by its k-RDMs, it is a unique ground state of some k-local Hamiltonian. As an example, recall that the n-particle W state which is uniquely determined by its 2-RDMs is a unique ground state of a 2-local Hamiltonian. Discussions, examples and algorithms.-Given a subspace V , to see if it is k-correlated, we can use the following Proposition. For state ρ, use ρ M to denote the maximally mixed state supported on supp(ρ).
Proof. As ρ is k-correlated, we know that V = supp(ρ) is k-correlated by Definition 2. As ρ M is a state supported on V , by Definition 3, it follows thatρ M,k is also supported on V . As ρ M is the maximum entropy state with support in V , we conclude that ρ M =ρ M,k and ρ M is k-correlated.
For a subspace V , use ρ (V )
M to represent the maximally mixed state supported on V . The following proposition is obvious.
This proposition has the advantage that, in order to check if a subspace V is k-correlated or not, it suffices to work on the maximally mixed states ρ (V ) M . As a simple example, consider the three-qubit subspace spanned by {|000⟩, |111⟩}. Since (|000⟩⟨000| + |111⟩⟨111|)/2 is 2-correlated, we conclude the space is also 2-correlated [4] .
Let V 1 and V 2 be two k-correlated subspaces. For any subspace V , not necessarily k-correlated, one can define the smallest k-correlated spaceṼ containing V as the intersection of all k-correlated space W containing V . It is easy to see that if V is not k-correlated, then for ρ M supported on V ,ρ M is supported onṼ . For example, this tells us that any 2-local Hamiltonian having the 3-qubit GHZ state in the ground space will have the span of |000⟩, |111⟩ in the ground space.
Usually, we are also interested in whether a subspace is the ground space of a local Hamiltonian of certain geometry, for instance, the Hamiltonian consisting of only nearest-neighbor interactions on certain lattices. We claim that we can take this geometry into account by generalizing k-correlated subspace to a more general concept of K-correlated subspace. Here, K is a collection of sets of particles among which the interactions can happen. In this generalization, k-correlatedness is a special case where K is chosen to be the set of all size k set of particles. As we have not really used any properties of this special setting (except Eq.( (1)); we can instead start from Definition 1), we can generalize the concepts of
throughout the paper, and prove similar results.
It is also worth noting that our original idea comes from the exponential form approach of calculatingρ k discussed in [3, 4, 18, 19] , although we proved our result using convex analysis.
In the exponential form approach we first introduce a oneparameter family of states
is of full rank, therefore one can show thatρ M (p) has the form [4] 
where Λ(p) is a k-local operator. With a thermal dynamical argument, one can extract the required Hamiltonian from Λ(p). Numerical calculations based on the exponential form algorithm [4, 18, 19] do give correct results, and indicate a possible alternative proof of our main theorem. A large class of examples can be taken for any n-qubit stabilizer code space C, with the irreducible k-party correlation explicitly computed for the maximally mixed state [4] . If the stabilizer group of the code is generated by n-qubit mutually commuting Pauli operators {g j } m j=1 (m ≤ n) with each g j acting nontrivially on at most k qubits, the calculation in Ref. [4] shows that the code space C is k-correlated. Note the projection onto C is P C = m ∏ j=1 (I + g j ), and C is the common eigenvalue 1 eigenspace of all g j s. It is then straightforward to see that the code space C is the ground-state space of the k-local Hamiltonian H = − ∑ m j=1 g j . A non-stabilizer example could be the n-qubit symmetric subspace. It is well-known to be the ground-state space of 2-local Hamiltonians, where all the local term H i of the Hamiltonian can be chosen as the projection of the corresponding pair of qubits onto the singlet state (see, for instance, Ref. [20] ). And it is obviously 2-correlated according to Definition 3, as any state with symmetric 2-RDMs is supported on this space.
Conclusion and discussion.-In this work we considered kcorrelated states/spaces based on irreducible k-party correlations. We build an intimate link between correlations of these states/spaces and ground spaces of local Hamiltonians. That is, an n-particle subspace V is k-correlated if and only if it is a ground-state space of a k-local Hamiltonian. Our idea is from relating the exponential form based on the principle of maximum entropy to k-local Hamiltonians, and our proof is based on convex analysis.
Our discussion also indicates one can consistently interpret that a subspace is k-correlated if the maximally mixed state of the space is k-correlated. This provides an easy way of deciding if a subspace is k-correlated or not.
Further more, for a given k-correlated subspace V , our discussion also gives a method of finding such a k-local Hamiltonian, based on the algorithm discussed in Ref. [19] . As a simple example, consider again the three-qubit space spanned by {|000⟩, |111⟩}, the algorithm returns the 2-local Hamiltonian −Z 1 Z 2 − Z 2 Z 3 − Z 1 Z 3 , as desired.
We hope our method sheds light on further study of the relationship between correlations in quantum states and ground spaces of local Hamiltonians, thus forges new connection between quantum information science and many-body physics.
